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It has recently become more interesting to obtain exact solu-
tions of nonlinear partial differential equations. These equa-
tions are mathematical models of complex physical18561386.
m (K. Khan), ali_math74
Shams University.
g by Elsevier
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10phenomena that arise in engineering, applied mathematics,
chemistry, biology, mechanics, physics, etc. Thus, it is very
important to reveal exact solutions of nonlinear partial differ-
ential equations. Calculating the exact and numerical solu-
tions, in particular traveling wave solutions of nonlinear
equations in mathematical physics plays an important role in
soliton theory [1,2]. The exact solution of a differential equa-
tion gives information about the construction of complex
physical phenomena.
Therefore, the researchers carried out a huge amount of re-
search work to explore the exact traveling wave solutions of
nonlinear physical phenomena. Accordingly, they developed
many potential and useful methods and techniques, such as
the homogeneous balance method [3,4], the Hirota’s bilinearier B.V. All rights reserved.
904 K. Khan, M.A. Akbartransformation method [5,6], the tanh-function method [7,8],
the (G0/G)-expansion method [9–16], the Exp-function method
[17–20], the modiﬁed simple equation method [21–23], the var-
iational iteration method [25–27] and the homotopy perturba-
tion method [28,29], and so on.
The aim of this article is to look for new study relating to
the MSE method for solving the renowned Tzitzeica–Dodd–
Bullough equation and the modiﬁed KdV–Zakharov–Kuznet-
sov equation to demonstrate the suitability and straightfor-
wardness of the method.
The article is organized as follows: In Section 2, we give the
description of the method. In Section 3, we employ the method
to the nonlinear evolution equations pointed out above and in
Section 4 conclusions are given.2. The method
Suppose the nonlinear evolution equation is of the form,
Fðu; ut; ux; uy; uz; uxx; utt; . . .Þ ¼ 0; ð2:1Þ
where F is a polynomial of u(x,y,z, t) and its partial deriva-
tives. The main steps of the MSE method [21–23] are as
follows:
Step 1: The traveling wave transformation,
uðx; y; z; tÞ ¼ uðnÞ; n ¼ xþ yþ z wt ð2:2Þ
permits us to reduce Eq. (2.1) into the following ordinary dif-
ferential equation (ODE):
Pðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ
where P is a polynomial in u(n) and its derivatives, whereas
u0ðnÞ ¼ du
dn.
Step 2: We suppose that Eq. (2.3) has the solution in the
form,
uðnÞ ¼
XN
k¼0
Ak
w0ðnÞ
wðnÞ
 k
; ð2:4Þ
where Ak(k= 0,1,2,3, . . .) are arbitrary constants to be
determined, such that AN „ 0, and w(n) is an unidentiﬁed
function to be determined afterward. In Exp-function
method, (G0/G)-expansion method, tanh-function method,
Jacobi elliptic function method, etc., the solution is pre-
sented in terms of some pre-deﬁned functions, but in the
MSE method, w is not pre-deﬁned or not a solution of
any pre-deﬁned equation. Therefore, some fresh solutions
might be found by this method. This is the distinction
of the MSE method.
Step 3: We determine the positive integer N come out in Eq.
(2.4) by considering the homogeneous balance between the
highest order derivatives and the highest order nonlinear terms
occurring in Eq. (2.3).
Step 4: We calculate all the necessary derivatives u0,u00, . . ., and
substitute (2.4) into (2.3) and then we account the function
w(n). As a result of this substitution, we get a polynomial of
(w0(n)/w(n)) and its derivatives. In the resulting polynomial,
we equate all the coefﬁcients to zero. This procedure yields a
system of equations whichever can be solved to ﬁnd
Ak(k= 0,1,2,3, . . .) and w(n).3. Applications
3.1. The Tzitzeica–Dodd–Bullough (TDB) equation
In this sub-section, we will exert the MSE method to obtain
new and more general exact solutions and then the solitary
wave solutions of the Tzitzeica–Dodd–Bullough equation,
uxt  eu  e2u ¼ 0: ð3:1Þ
Using the transformation v(x, t) = eu, Eq. (3.1) transforms
into the following partial differential equation,
vvxt  vxvt þ v3 þ v4 ¼ 0: ð3:2Þ
where
v ¼ vðx; tÞ; n ¼ x wt; vðx; tÞ ¼ vðnÞ: ð3:3Þ
The traveling wave transformation (3.3) reduces Eq. (3.2) to
the following ODE:
wvv00 þ wðv0Þ2 þ v3 þ v4 ¼ 0; ð3:4Þ
where prime denotes the derivatives with respect to n.
Balancing the terms v v00 and v4, we obtain N= 1.
Therefore, the solution (2.4) takes the form,
vðnÞ ¼ A0 þ A1 w
0
w
 
; ð3:5Þ
where A0 and A1 are constants such that A1 „ 0, and w(z) is an
unrevealed function to be determined. Now, it is easy to make
out,
v0 ¼ A1 w
00
w
 w
0
w
 2" #
: ð3:6Þ
v00 ¼ A1 w
000
w
 3A1 w
00w0
w2
þ 2A1 w
0
w
 3
: ð3:7Þ
Substituting the values of v, v0 and v00 from (3.5)–(3.7) into
Eq. (3.4) and then equating the coefﬁcients of w0, w1, w2,
w3, w4 to zero, we respectively obtain
A30þA40¼0: ð3:8Þ
ww000  3A0þ4A20
 
w0 ¼0: ð3:9Þ
wA1w
000w0 ð6A20A1þ3A0A1Þðw0Þ2wA1ðw00Þ23wA0w00w0 ¼0: ð3:10Þ
wA1w00 þ 2wA04A0A21A21
 
w0 ¼0 ð3:11Þ
wA21A41
 ðw0Þ4¼0: ð3:12Þ
From Eq. (3.8), we obtain
A0 ¼ 0; 0; 0;1; i:e: A0 ¼ 0;1
And from Eq. (3.12), we obtain
A1 ¼ 
ﬃﬃﬃ
w
p
since A1–0:Case I: When A0 = 0, Eq. (3.10) yieldsw000w00  ðw00Þ2 ¼ 0: ð3:13Þ
And Eq. (3.11) yields
ww00 þ A1w00 ¼ 0: ð3:14Þ
Combining Eqs. (3.13) and (3.14), we obtain
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w00
¼ A1
w
: ð3:15Þ
Integrating Eq. (3.15), we obtain
w00ðnÞ ¼ c1eðA1=wÞn; ð3:16Þ
where c1 is a constant of integration.
From Eqs. (3.14) and (3.16), we obtain
w00 ¼ wc1
A1
eðA1=wÞn: ð3:17Þ
Integrating (3.17) with respect to n, we obtain
wðnÞ ¼ c2 þ w
2c1
A21
eðA1=wÞn; ð3:18Þ
where c2 is a constant of integration.
Substituting the values of w and w00 into Eq. (3.5), we obtain
vðnÞ ¼ wc1A
2
1e
ðA1=wÞn
A21c2 þ w2c1eðA1=wÞn
: ð3:19Þ
Using the transformation u= ln(v) and simplifying, Eq.
(3.19) yields
uðx; tÞ ¼  ln wc1A
2
1e
ðxwtÞA1=w
c2A
2
1 þ w2c1eðxwtÞA1=w
 
: ð3:20Þ
Substituting the value of A1 ¼ 
ﬃﬃﬃ
w
p
, Eq. (3.20) yields,
uðx; tÞ ¼  ln  wc1e
ðxwtÞ= ﬃﬃwp
c2 þ wc1eðxwtÞ=
ﬃﬃ
w
p
 
: ð3:21Þ
If c2 = w and c1 = 1, from Eq. (3.21) we obtain the follow-
ing solitary wave solutions:
uðx; tÞ ¼  ln  1
2
tanh
1
2
ﬃﬃﬃ
w
p ðx wtÞ
 
 1
2
 
: ð3:22Þ
Using hyperbolic functions identities, Eq. (3.22) can be
rewritten as,
uðx; tÞ ¼  ln  i
2
tan
i
2
ﬃﬃﬃ
w
p ðx wtÞ
 
 1
2
 
: ð3:23Þ
Again if c2 = w and c1 = 1, from Eq. (3.21), we obtain
the following solitary wave solutions:
uðx; tÞ ¼  ln  1
2
coth
1
2
ﬃﬃﬃ
w
p ðx wtÞ
 
 1
2
 
: ð3:24Þ
Thus, Eq. (3.24) can be rewritten as,
uðx; tÞ ¼  ln  i
2
cot
i
2
ﬃﬃﬃ
w
p ðx wtÞ
 
 1
2
 
: ð3:25Þ
The major advantage of the MSE method is that the calcu-
lations are very simple and straightforward. It is not required
any symbolic computation software to facilitate the calcula-
tions as it take the Exp-function method, the (G0/G)-expansion,
the tanh-function method, the homotopy analysis method, etc.
But the solutions obtained by the MSE method are equivalent
to those solutions obtained by the above mentioned method.
For assessment if we set
ﬃﬃﬃ
w
p ¼ 1
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p , our solutions (3.22)
and (3.23) turn out to the solutions (65) and (66) obtained
by Abazari [24] via the (G0/G)-expansion method (see Appen-
dix A). Furthermore, our solutions (3.24) and (3.25) become
the solutions (67) and (68) respectively, obtained by Abazari
[24]. There are no other solutions given in Ref. [24] of theTzitzeica equation. But, since c1 and c2 are arbitrary constants
for other choices of c1 and c2, we might obtain much new and
more general exact solutions of Eq. (3.1) by the MSE method
without any aid of symbolic computation software.
Case-II: When A0 = 1, Eqs. (3.9)–(3.11) yieldww000  w00 ¼ 0: ð3:26Þ
wA1w
000w00  3A1ðw0Þ2  wA1ðw00Þ2 þ 3ww00w00 ¼ 0: ð3:27Þ
w0 ¼ wA1
3A21  2w
 
w00: ð3:28Þ
Combining Eqs. (3.27) and (3.28), we obtain
w2A21ð3A21  2wÞw000
 3w2A31 þ wA1 3A21  2w
 2  3w2A1 3A21  2w 	 
w00
¼ 0: ð3:29Þ
Again from Eqs. (3.26) and (3.29), we obtain
w0ðnÞ ¼ c1eln; ð3:30Þ
where l ¼ A1 3A
2
1
2wð Þ
3wA2
1
þ 3A2
1
2wð Þ23w 3A212wð Þ
and c1 is a constant of
integration.
Integrating (3.30) with respect to n, we obtain
wðnÞ ¼ lc2 þ c1e
ln
l
; ð3:31Þ
where c2 is a constant of integration.
Substituting the value of w and w0 into Eq. (3.5), we obtain
vðnÞ ¼ 1þ A1 lc1e
ln
lc2 þ c1eln
 
: ð3:32Þ
Substituting the value of l and A1 ¼ 
ﬃﬃﬃ
w
p
, Eq. (3.32) re-
duces to,
vðx; tÞ ¼ 1
ﬃﬃﬃ
w
p
c1e
ðxwtÞ= ﬃﬃwp
c2 
ﬃﬃﬃ
w
p
c1eðxwtÞ=
ﬃﬃ
w
p : ð3:33Þ
Using the transformation u= ln(v), Eq. (3.33) yields
uðx; tÞ ¼  ln 1
ﬃﬃﬃ
w
p
c1e
ðxwtÞ= ﬃﬃwp
c2 
ﬃﬃﬃ
w
p
c1eðxwtÞ=
ﬃﬃ
w
p
 
: ð3:34Þ
The general hyperbolic function solution of Eq. (3.34) is as
follows:
uðx; tÞ
¼ ln 1 wc1 1 tanh ðxwtÞ=
ﬃﬃﬃ
w
pð Þf g
c2 sech ðxwtÞ=
ﬃﬃﬃ
w
pð Þwc1 1 tanh ðxwtÞ=
ﬃﬃﬃ
w
pð Þf g
 
:
ð3:35Þ
In particular, for c1 = 2, c2 = 1 and w= 0.5, solution
speciﬁed in Eq. (3.35) is presented in the Fig. 1.
The solution (3.35) is not conferred by Abazari [24].
Remark 1. Solutions (3.21)–(3.25) and (3.35) have been
checked by putting them back into the original equation and
found correct.3.2. The modiﬁed KdV–Zakharov–Kuznetsov equation
In this sub-section, we will bring to bear the MSE method to
ﬁnd the exact solutions and then the solitary wave solutions
Figure 1 Solitary wave solution of the Tzitzeica–Dodd–Bul-
lough (TDB) equation.
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equation,
ut þ au2ux þ uxxx þ uxyy þ uxzz ¼ 0: ð3:36Þ
where
u ¼ uðx; y; z; tÞ; n ¼ xþ yþ z wt; uðx; y; z; tÞ ¼ uðnÞ: ð3:37Þ
Using traveling wave transformation Eqs. (3.37) and (3.36)
reduces to the following ODE:
wu0 þ au2u0 þ 3u000 ¼ 0: ð3:38Þ
Eq. (3.38) is integrable, therefore, integrating with respect
to n and choosing the constant of integration to zero, we
obtain
wuþ a
3
u3 þ 3u00 ¼ 0: ð3:39Þ
Balancing the highest order derivative and nonlinear term
of the highest order yields N= 1.
As a result, the solution of Eq. (3.36) takes the form,
uðnÞ ¼ A0 þ A1 w
0
w
 
; ð3:40Þ
where A0 and A1 are constants such that A1 „ 0, and w(n) is an
unknown function to be determined. It is simple to calculate
that,
u0 ¼ A1 w
00
w
 w
0
w
 2" #
: ð3:41Þ
u00 ¼ A1 w
000
w
 3A1 w
00w00
w2
þ 2A1 w
0
w
 3
: ð3:42Þ
u3 ¼ A31
w0
w
 3
þ 3A21A0
w0
w
 2
þ 3A1A20
w0
w
 
þ A30: ð3:43Þ
Substituting the values of u00, u, u3 into Eq. (3.39) and then
equating the coefﬁcients of w0, w1, w2, w3 to zero, yields
 wA0 þ 1
3
aA30 ¼ 0: ð3:44Þ
aA20  w
 
w0 þ 3w000 ¼ 0: ð3:45Þ
aA0A1w
0  9w00 ¼ 0: ð3:46Þ
1
3
aA31 þ 6A1
 
ðw0Þ3 ¼ 0: ð3:47ÞSolving Eq. (3.44), we obtain
A0 ¼ 0; 
ﬃﬃﬃﬃﬃﬃ
3w
a
r
:
Again solving Eq. (3.47), we obtain
A1 ¼ 3
ﬃﬃﬃﬃﬃﬃ
2
a
r
since A1–0:
Substituting the value of w0 from Eq. (3.45) into (3.46) and
then integrating with respect to n, we obtain
w00 ¼ c1eln; ð3:48Þ
where l ¼ 3 aA
2
0
wð Þ
aA0A1
and c1 is a constant of integration.
Substituting the value of w00 from Eq. (3.48) into (3.46), we
obtain
w0ðnÞ ¼ 9c1
aA0A1
eln: ð3:49Þ
Integrating Eq. (3.49) with respect to n, we obtain
wðnÞ ¼ c2 meln; ð3:50Þ
where m ¼ 3c1
aA2
0
wð Þ and c2 is a constant of integration.
Substituting Eqs. (3.49) and (3.50) into Eq. (3.40), we ob-
tain following the exact solution,
uðnÞ ¼ A0 þ 9c1e
ln
aA0ðc2 melnÞ : ð3:51Þ
When A0 = 0, the solution (3.51) breakdown, therefore,
this case is rejected.
When A0 „ 0, substituting the values of A0, A1, l and m into
Eq. (3.51), we obtain
uðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
3w
a
r
1þ 6c1e

ﬃﬃﬃ
2w
3
p
n
2wc2  3c1e
ﬃﬃﬃ
2w
3
p
n
( )
: ð3:52Þ
Since c1 and c2 are constants of integration, we can ran-
domly choose their values. Therefore, if we choose c2 ¼ 32w
and c1 = 1, solution Eq. (3.52) turn out to,
uðx; y; z; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
3w
a
r
coth
1
2
ﬃﬃﬃﬃﬃﬃ
2w
3
r
ðxþ yþ z wtÞ
 !
: ð3:53Þ
Again, if we choose c2 ¼ 32w and c1 = 1, solution (3.52)
becomes
uðx; y; z; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
3w
a
r
tanh
1
2
ﬃﬃﬃﬃﬃﬃ
2w
3
r
ðxþ yþ z wtÞ
 !
: ð3:54Þ
Using hyperbolic function identities, Eqs. (3.53) and (3.54)
can be rewritten as
uðx; y; z; tÞ ¼ i
ﬃﬃﬃﬃﬃﬃ
3w
a
r
cot
1
2
ﬃﬃﬃﬃﬃﬃ
2w
3
r
ðxþ yþ z wtÞ
 !
: ð3:55Þ
and
uðx; y; z; tÞ ¼ i
ﬃﬃﬃﬃﬃﬃ
3w
a
r
tan
1
2
ﬃﬃﬃﬃﬃﬃ
2w
3
r
ðxþ yþ z wtÞ
 !
: ð3:56Þ
respectively.
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(3.56) converted to
uðx; y; z; tÞ ¼ 
ﬃﬃﬃ
3
p
coth
1ﬃﬃﬃ
3
p ðxþ yþ zþ 2tÞ
 
: ð3:57Þ
uðx; y; z; tÞ ¼ 
ﬃﬃﬃ
3
p
tanh
1ﬃﬃﬃ
3
p ðxþ yþ zþ 2tÞ
 
: ð3:58Þ
Substituting y= 1 and z= 1, the solitary wave solution
u(x,y,z, t) speciﬁed in Eqs. (3.57) and (3.58) are presented in
Figs. 2 and 3:
Zayed [11] studied solutions of the modiﬁed KdV–Zakha-
rov–Kuznetsov equation by using the (G0/G)-expansion meth-
od. If we put w ¼  3
2
ðk2  4lÞ, our solution (3.53) turn out to
Zayed’s [11] solution (3.37) obtained through the (G0/G)-
expansion method when A „ 0 but B= 0 and solution (3.54)
turn out to the solution (3.37) when A= 0 but B „ 0 (see
Appendix B). On the other hand, our solution (3.55) turn
out to Zayed’s [11] solution (3.38) when A= 0 but B „ 0 and
solution (3.56) turn out to the solution (3.38) when A „ 0 butFigure 2 Solitary wave solution of the modiﬁed KdV–Zakha-
rov–Kuznetsov equation.
Figure 3 Solitary wave solution of the modiﬁed KdV–Zakha-
rov–Kuznetsov equation.B= 0. There are no other solutions obtained in Ref. [11] to
the modiﬁed KdV–Zakharov–Kuznetsov equation except the
one. But for further choices of c1 and c2, we might obtain much
new and more general exact solutions of Eq. (3.36) by means of
the MSE method with little industry.
Remark 2. Solutions (3.52)–(3.56) have been veriﬁed by
replacing them back into the original equation and found
correct.4. Conclusions
In this study, we considered the Tzitzeica–Dodd–Bullough
equation and the modiﬁed KdV–Zakharov–Kuznetsov equa-
tions. We put forth the modiﬁed simple equation (MSE) meth-
od for the exact solution of these nonlinear equations.
Comparing the currently proposed method with other meth-
ods, such as the (G0/G)-expansion method, the Exp-function
method and the projective Riccati equation method, we might
conclude that the exact solutions to Eqs. (3.1) and (3.36) can
be investigated using these methods with the help of the sym-
bolic computation software’s, such as Mathematica and Maple
to facilitate the complicated algebraic computations. But, by
means of the MSE method the exact solutions to these equa-
tions have been gained in this article without using the sym-
bolic computation software’s since the computations are very
simple. This study shows that the MSE method is quite efﬁ-
cient and practically well suited to be used in ﬁnding exact
solutions of NLEEs. Also, we observe that the MSE method
is straightforward and can be applied to many other nonlinear
evolution equations.Acknowledgment
The authors would like to express their sincere thanks to the
anonymous referees for their detail comments and valuable
suggestions.
Appendix A. Abazari [24] investigated traveling wave solutions
of the Tzitzeica–Dodd–Bullough Eq. (3.1) by the (G0/G)-
expansion method and obtained the following exact solutions:uðx; tÞ ¼  ln  1
2
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
2
kx t
kðk2  4lÞ
  !
 1
2
 !
;
ð65Þ
uðx; tÞ ¼  ln  i
2
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
2
kx t
kðk2  4lÞ
  !
 1
2
 !
;
ð66Þ
uðx; tÞ ¼  ln  1
2
coth
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
2
kx t
kðk2  4lÞ
  !
 1
2
 !
ð67Þ
and
908 K. Khan, M.A. Akbaruðx; tÞ ¼  ln  i
2
cot
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
2
kx t
kðk2  4lÞ
  !
 1
2
 !
ð68Þ
where k, k and l are arbitrary constants.
Appendix B. Zayed [11] studied traveling wave solutions of the
modiﬁed KdV–Zakharov–Kuznetsov Eq. (3.36) using the (G0/G)-
expansion method and achieved the following exact solutions:
uðnÞ ¼ 3i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
2a
s

A cosh 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
n
	 

þ B sinh 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
n
	 

A sinh 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
n
	 

þ B cosh 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
n
	 
 ;
ð3:37Þ
where k2  4l> 0 and n ¼ xþ yþ zþ 3
2
ðk2  4lÞt.
uðnÞ ¼ 3i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
2a
s

A sin 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
n
	 

þ B cos 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
n
	 

A cos 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
n
	 

þ B sin 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
n
	 
 ;
ð3:38Þ
where k2  4l< 0.
uðnÞ ¼  6iﬃﬃﬃﬃﬃ
2a
p B
Aþ Bn ð3:39Þ
where k2  4l= 0.
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